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Аннотация
We describe the interaction of the Rayleigh surface acoustic wave
(SAW) traveling on the semiconductor substrate and interacting with
excitonic gas in a double quantum well located on the substrate surface.
We study the SAW attenuation and its velocity renormalization due to
coupling with excitons. Both the deformation potential and piezoelectric
mechanisms of the SAW-exciton interaction are considered. We focus
our attention on the frequency and excitonic density dependencies of
the SAW absorption coefficient and velocity renormalization at temperatures
both above and well below the critical temperature of Bose-Einstein
condensation of excitonic gas. We demonstrate that the SAW attenuation
and velocity renormalization are strongly different below and above the
critical temperature.
1 Introduction
A gas of a bound electron-hole pairs, excitons, being the Bose-like particles,
can exhibit the Bose-Einstein condensation (BEC) at extremely low temperatures.
This phenomenon was theoretically predicted long time ago [1],[2],[3],[4],[5]
and was intensively studied in the Cu2O system (see recent review article [6]).
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Recently, the BEC of excitons in low dimensional systems has been confirmed
in various experiments [7],[8], [9].
The experimental evidence of the existence of exciton BEC is mainly
based on optical arguments. The general idea is the narrowing of the luminescence
line when the exciton gas is cooled down to below the critical temperature.
The main aim of the present work is to theoretically demonstrate that the
SAW experimental technique widely used in earlier studies of two-dimensional
electron gas [10] may provide with an alternative method to study the exciton
BEC.We show that the SAW velocity renormalization∆c/c and SAW attenuation
coefficient behave differently above and below the critical BEC temperature
and this may be used as an experimental confirmation of exciton BEC.
We consider the double quantum well (DQW) structure depicted in Fig.
1. The electron and hole are located in different QWs interacting via Coulomb
potential forming the exciton with the dipole moment p directed along the
normal of the DQW plane. We will assume the simple exciton model. Exciton
will be considered as a rigid dipole particle with a dipole moment along
direction z only, p = (0, 0,−ed). Here e is an electron charge and d is a
distance between QWs. Such a model ignores the internal motion of the
particles and the motion in the z-direction. This model is good enough to
describe the system under study, while the internal degrees of freedom are
not excited. We assume that time-dependent acoustic and electric SAW fields
cannot excite them. Nevertheless, the dipoles, as a whole, are free to move in
the (x, y) plane. SAW may interact with excitonic gas via either deformation
potential or piezoelectric mechanisms. Acoustic and electric SAW fields are
assumed to be the perturbations disturbing excitonic gas from the equilibrium.
The response of excitonic gas to the SAW perturbation depends on whether it
is in the BEC state or not resulting in different behavior of the SAW velocity
renormalization and attenuation coefficient. We will consider the Rayleigh
wave and start with the deformation potential mechanism.
2 SAW-exciton interaction via deformation potential
We assume that the substrate is an isotropic elastic medium. The Rayleigh
wave traveling along the surface is characterized by transverse ct and longitudinal
cl sound velocities. Moreover, a typical SAW wavelength is much lager than
the distance d between QWs. In this case, the influence of excitonic gas on the
SAW propagation can be described by changing the boundary conditions for
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stress tensor σij at surface z = 0. Substrate displacement vector u satisfies
the equation
u¨ = c2t∆u + (c
2
l − c2t )grad divu (1)
and, in case of Rayleigh wave, it has z and x components ux(x, z) = ux(z)e
ikx−iωt, uy =
0, uz(x, z) = uz(z)e
ikx−iωt [11], were
uz(z) = −iκlBeκlz − ikAeκtz, ux(z) = kBeκlz + κtAeκtz, (2)
κl =
√
k2 − ω2/c2l , κt =
√
k2 − ω2/c2t .
Arbitrary amplitudes A,B are found from boundary conditions σijτj = fi,
where fi – is a surface force (force per unit area) acting from the excitons upon
the substrate surface and τj – is a unit vector normal to surface z = 0. Surface
force f arises due to the exciton density deviation from the equilibrium
f = λ gradn (3)
Here λ = λe + λh – is a sum of electron and hole deformation constants,
n = nkωe
ikx−iωt – exciton density fluctuation.
Thus, the boundary conditions at surface z = 0 yield
ρc2t
(
∂ux
∂z
+
∂uz
∂x
)
= λ
∂n
∂x
(4)
c2l
∂uz
∂z
+ (c2l − 2c2t )
∂ux
∂x
= 0,
Exciton density fluctuation amplitude nkω can be found using the standard
linear response theory nkω = SkωWkω, where Wkω = λ(divu)z=0 = λ(ikux +
∂zuz)|z=0 is a potential energy of exciton in the SAW deformation field.
The structure of response function Skω depends on the exciton gas state.
Substituting nkω in the boundary conditions (4) and taking into account the
equations (2), we get the dispersion equation
fkω =
2(λkω)2κt
ρ(clct)2
Skω (5)
f(k, ω) = (κ2t + k
2)2 − 4κlκtk2.
In the absence of SAW-exciton interaction λ = 0, SAW dispersion ω(k) is
given by f(k, ω) = 0 and is linear in k: ω = ctξ0k. ξ0 is a solution of equation
3
f(k, ω = ctξ0k) = k
4f(ξ0) = 0, where [11]
f(ξ0) = (2− ξ20)2 − 4
√
1− ξ20
√
1− c
2
t
c2l
ξ20 (6)
Because of the interaction, ξ0 has a δξ correction due to the presence of
the r.h.s. in equation (5). δξ is a complex value, the real part of which
describes the SAW velocity renormalization, and the imaginary part gives
SAW attenuation coefficient Γ
∆c
c
= Re
(
δξ
ξ0
)
, Γ = −2kIm
(
δξ
ξ0
)
, (7)
here c = ctξ0 and ω0 = ck.
To find δξ, we substitute ω = ctk(ξ0 + δξ) in equation (5), expanding
f(ξ0 + δξ) ≈ f(ξ0) + f ′(ξ0)δξ, and solve it by successive approximation. The
result reads
δξ =
2(λξ0)
2
√
1− ξ20
f ′(ξ0)ρc2l
kSk,ω=ctξ0k (8)
Thus, we can see from (8) that the imaginary and real parts of δξ are
determined by response function Sk,ω. To find it, we consider cases T > Tc
and T < Tc below separately. Tc is the exciton gas condensation temperature.
3 T > Tc
At a high temperature and low density, the excitons can be considered as a
weakly interacting gas. The interaction potential is nothing but the repealing
dipole-dipole interaction. The Fourier transform of interaction potential is
g(k) =
4πe2
(ǫ+ 1)k
(
1− 2e−kd)+ 2πe2
ǫk
(
1 +
ǫ− 1
ǫ+ 1
e−2kd
)
, (9)
where ǫ is a QWs dielectric constant. Using the mean field approach, we find
the response function
Skω =
Πkω
1− gkΠkω , (10)
Πkω =
∑
p
fBp+k − fBp
ω + Ep+k − Ep + iδ ,
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where fBp – Bose distribution function, Ep = p
2/2M – exciton kinetic energy
and M is exciton mass. To calculate polarization operator Πkω we consider
long-wavelength limit k << MvT , where vT =
√
2T/M is the exciton gas
thermal velocity. Expanding all expressions in (10) for a small k, we get
Re Πkω =
M
2π
∫
∞
0
dx
[
1− |η|θ(η
2 − x)√
η2 − x
]
f ′x, (11)
Im Πkω =
M
2π
∫
∞
η2
dx
η√
x− η2f
′
x,
where f = [exp(x−µ/T )−1]−1, η = ω/vTk, and prime means the derivative
with respect to x. Moreover, we also can simplify gk in (10) since kd << 1
for typical SAW wavelength, and one has gk=0 ≈ 4πe2d/ǫ.
The general integration in (11) is not possible and we will consider two
limiting cases: η = ω/vTk = ctξ0/vT << 1 and η >> 1. These inequalities
compare SAW velocity ctξ0 with exciton gas thermal velocity vT . The simple
calculations yield the following results. If ctξ0/vT << 1
∆c
c
= −kλ
2M
πρc2l
ξ0
√
1− ξ20
f ′(ξ0)
e
2piN0
MT − 1
1 + 2d
a
(
e
2piN0
MT − 1
) , (12)
Γ = −k2 2λ
2M
πρc2l
ξ0
√
1− ξ20
f ′(ξ0)
B(T )ctξ0/vT[
1 + 2d
a
(
e
2piN0
MT − 1
)]2 .
Here B(T ) =
∫
∞
0
f ′xdx/
√
x < 0, a = ǫ/Me2 and N0 is equilibrium exciton
density. In the opposite case of ctξ0/vT >> 1 we found
∆c
c
= k
2λ2
ρc2l
ξ0
√
1− ξ20
f ′(ξ0)
N0v
2
T
2T (ctξ0)2
, (13)
Γ = k2
2λ2M
ρc2l
√
π
ξ0
√
1− ξ20
f ′(ξ0)
ctξ0
vT
(
1− e− 2piN0MT
)
e−(ctξ0/vT )
2
.
We discuss these results below in the last section of the paper.
4 T < Tc
In this section we will consider the response function Skω in the presence of
Bose condensate. It is known that the elementary excitations of the Bose-
condensed system are Bogoliubov quasi-particles. An explicit form of dispersion
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law of the Bogoliubov excitations depends on the model used to describe the
interacting exciton system. In the case of small exciton density N0a
2
B << 1,
where aB is a Bohr exciton radius, an appropriate theoretical model is the
Bogoluibov model of weakly-interacting Bose gas. In the framework of this
model, the dispersion law of elementary excitations has the form of εk =√
k2
2M
(
k2
2M
+ 2g0nc
)
. Here, nc is exciton density in the condensate. In long-
wavelength limit k
2
2M
<< 2g0nc, elementary excitations are sound quanta
εk ≈ sk, where s =
√
g0nc/M is its velocity. In a Bose-condensed state,
most of the excitons are in the condensate, but there are also noncondensate
particles, both due to the interaction and finite temperature (thermal-excited
particles). These three fractions can contribute to response function Skω.
We will consider quantum limit T << sk when the quantum effects are
the most important ones in the response function of the system to the
external excitation. In quantum regime T << sk thermal excitations are
not important, and the theory can be developed for T = 0. This is the
case we consider here. Due to the weak interaction between excitons, the
density of the noncondensate particles is low enough, and one can disregard
the interaction between the fluctuations of condensate and noncondensate
densities. Thus, the response of the condensate and noncondensate particles
can be calculated independently, Skω = S
c
kω + S
n
kω, where S
c
kω and S
n
kω are
response functions of the condensate and noncondensate particles, respectively.
The response of the condensate particles can be found using the Gross-
Pitaevskii equation
i∂tΨ(r, t) =
(
p
2
2M
− µ+ g0|Ψ(r, t)|2
)
Ψ(r, t) +W (r, t)Ψ(r, t). (14)
SAW deformation field W (r, t) is treated here as a perturbation. Thus, the
wave function of condensate particles Ψ(r, t) is split in the stationary uniform
value and perturbed contribution Ψ(r, t) =
√
nc + ψ(r, t). The response
function of the condensate excitons is defied as δnc(k, ω) = S
c
kωWkω. Here,
δnc(k, ω) =
√
nc(ψ
∗(r, t)+ψ(r, t)) is a perturbation of the condensate particle
density. Linearizing (14), we found
Sckω =
nck
2/M
(ω + iδ)2 − ε2k
. (15)
The calculation of the noncondensate particles response function is more
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cumbersome [12], [13] and we present here the result
Snkω = −
g2n2c
4s2
[
θ(s2k2 − ω2)√
s2k2 − ω2 + i
θ(ω2 − s2k2)√
ω2 − s2k2
]
, (16)
Substituting (15) and (16) in (8), we get the sound velocity renormalization
and attenuation coefficient of SAW in the presence of exciton BEC
∆c
c
=
2λ2ξ0
√
1− ξ20
f ′(ξ0)ρc2l
[
nck/M
c2t ξ
2
0 − s2
− g
2n2cθ(s
2 − c2t ξ20)
4s2
√
s2 − c2t ξ20
]
, (17)
Γ = k
4λ2ξ0
√
1− ξ20
f ′(ξ0)ρc
2
l
[
πnck
2Ms
δ(ctξ0 − s) + g
2n2cθ(c
2
t ξ
2
0 − s2)
4s2
√
c2t ξ
2
0 − s2
]
.
Here, the first and second terms are the condensate and noncondensate
contributions, respectively. θ(x) is a Heaviside step function.
5 SAW-exciton interaction via piezoelectric coupling
To study the piezoelectric coupling, we must take into account the anisotropy
of the substrate crystal lattice. Such an approach results in very cumbersome
calculations and equations. To simplify the theoretical analysis, we will follow
paper [10] and will consider the mechanical motion of the substrate as the
motion of isotropic medium and will include anisotropy into the piezoelectric
terms of the equations of motion. Let us assume that the substrate is made
of the cubic crystal and the SAW travels along piezo-active direction [110] (x
axis in Fig.1) on surface [001] (z = 0 plane in Fig.1). In this geometry, the
motion of the medium and electric field satisfy the following equations
(ω2 − c2l k2)ux + c2tu′′x + (c2l − c2t )iku′z − 2iβkφ′/ρ = 0, (18)
(ω2 − c2tk2)uz + c2l u′′z + (c2l − c2t )iku′x + k2βφ/ρ = 0,
ǫ(z)(φ′′ − k2φ) + 8πβ(iku′x − uzk2/2) = 0,
where prime means the derivative with respect to z. Equations of motion
(18) must be supplemented with the boundary conditions for displacement
vector components
ρc2t (u
′
x + ikuz)− iβkφ = 0 (19)
(c2l − 2c2t )ikux + c2l u′z = 0.
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Moreover, the Poisson equation in the system (18) needs boundary conditions
for electric induction vector D and electric potential φ. From the electrostatic
point of view, the exciton layer can be viewed as an electric double layer. To
apply this model, conditions kd << 1 and k/κt,l << 1 must be satisfied. The
boundary conditions for the double electric layer at point z = 0 have the
form
φ′(+0)− φ′(−0) = 4πβikux(−0), (20)
φ(+0)− φ(−0) = 4πpnkω
Here, p = ed is the absolute exciton dipole moment value and nkω = Skω[−pEz(−0)]
is exciton density fluctuation caused by piezoelectric fieldEz(−0) = 4πβǫ ikux(−0).
The general solution of eqs.(18) is not a simple problem. To solve it we will
use the fact that the piezoeffect is a small perturbation (the mathematical
criterion will be given below). Thus, the β-dependent terms in eqs.(18) will
be considered as a perturbation. The solutions of eqs.(18) can be presented
in the form
ux(z) = u
0
x(z) + δux(z), (21)
uz(z) = u
0
z(z) + δuz(z),
φ(z) = φ0(z) + δφ(z),
where unperturbed functions u0x(z), u
0
z(z) are given by eq.(2), and the unperturbed
potential is
φ0(z) = Ce−kz, z > 0 (22)
φ0(z) = Dekz, z < 0.
The corrections to unperturbed solutions can be found from eqs.(18) in the
first order in β
δφ(z) = xAeκtz + yBeκlz (23)
δux(z) = ηDe
kz
δuy(z) = ξDe
kz
where the coefficients are given by(
η
ξ
)
=
βk2
ρω4
(
2iω2 + 3i(c2l − c2t )k2
−ω2 + 3(c2l − c2t )k2
)
, (24)
(
x
y
)
=
4πβ
ε
ik
(
2κ2
t
+k2
k2−κ2
t
3kκl
k2−κ2
l
)
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Substituting eq.(21) in the boundary conditions eqs.(19) and (20) we come
to the dispersion equation
fkω = −4πp
2
ε
γkSkωLkω, (25)
where
Lkω = κt(κ
2
t − k2)
[
1− c
2
tk
2
ω2
(
1 +
6k2(c2t − c2l )
ω2
)]
+ (26)
+
c2l k
2
ω2
k
[
ω2
c2l
+ (κt − κl)2
] [
3− 4c
2
t
c2l
(
1 +
3k2(c2l − c2t )
2ω2
)]
.
On the right hand side of eq.(25), we kept only the excitonic contribution
and neglected the terms due to the piezoeffect in the absence of excitonic
gas.
The calculation of velocity renormalization and attenuation coefficient is
similar to the procedure described above. We present here the results. For
ctξ0 << vT
∆c
c
= γ
2Mp2
ε
L(ξ0)
ξ0f ′(ξ0)
e2πN0/MT − 1
1 + 2d
a
(e2πN0/MT − 1) (27)
Γ = γk
4Mp2
ε
L(ξ0)
ξ0f ′(ξ0)
B(T )ctξ0/vT[
1 + 2d
a
(e2πN0/MT − 1)]2 ,
and for the opposite case ctξ0 >> vT
∆c
c
= −γ 4πp
2
ε
L(ξ0)
ξ0f ′(ξ0)
N0v
2
T
2T (ctξ0)2
(28)
Γ = −γk4Mp
2
ε
√
π
L(ξ0)
ξ0f ′(ξ0)
ctξ0
vT
(
1− e− 2piN0MT
)
e−(ctξ0/vT )
2
,
where L(ξ0) < 0.
To find the SAW attenuation and velocity renormalization in the presence
of the excitonic BEC, we use response functions (15) and (16). The simple
calculations yield
∆c
c
= −γ 4πp
2L(ξ0)
εξ0f ′(ξ0)
[
nc/M
c2t ξ
2
0 − s2
− g
2n2cθ(s
2 − c2t ξ20)
4ks2
√
s2 − c2t ξ20
]
, (29)
Γ = −γ 8πp
2L(ξ0)
εξ0f ′(ξ0)
[
πnck
2Ms
δ(ctξ0 − s) + g
2n2cθ(c
2
t ξ
2
0 − s2)
4s2
√
c2t ξ
2
0 − s2
]
.
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6 Conclusion
We considered the SAW-exciton gas interaction at both above and below
exciton gas condensation temperature Tc. It is shown that, above Tc the
SAW absorbtion coefficient is a monotonic function of exciton density for
both deformation and piezoelectric interaction mechanisms, eqs.(12), (13)
and (27), (28). In the presence of the exciton condensate at zero temperature,
the absorption coefficient has a step-like dependence on the exciton density
both for deformation and piezoelectric interaction mechanisms also. Indeed,
according to eqs.(17) and (29), if ctξ0 6= s, the noncondensate particle contribution
to the SAW attenuation is non-zero at ctξ0 > s. The Bogoliubov quasi-particle
velocity s depends on the exciton concentration of condensate particles nc
via relation s =
√
gnc/M . Thus, inequality ctξ0 > s is equivalent to nc <
n0c , where the critical exciton density is given by n
0
c = M(ctξ0)
2/g, and
attenuation coefficient Γ has a step-like dependence on exciton density
Γ ∝ θ(n0c − nc) (30)
We can finally conclude that SAW will travel through the system without
dissipation if the exciton density of the condensate particle is less than some
critical value n0c .
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